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Porous channelAbstract Of concern in the paper are the magnetohydrodynamic (MHD) boundary layer ﬂow and
heat transfer of a third order ﬂuid ﬂowing in a channel. The walls of the channel are considered to
be porous and stretchable, where the surface velocity is proportional to the longitudinal distance
from a ﬁxed point. The governing equation is a non-linear partial differential of the third order.
Using the similarity transformations and boundary layer approximations, the nonlinear partial dif-
ferential equations are reduced to a system of ordinary differential equations. But these equations
are also non-linear. In order to solve this system of non-linear equations, a suitable numerical
method has been developed. The study reveals that a back ﬂow occurs near the central line of
the channel due to the stretching walls and further that the ﬂow reversal can be stopped by applying
a sufﬁciently strong external magnetic ﬁeld. The results presented bear the promise of important
applications in the study of the hemodynamic ﬂow of blood in the cardiovascular system when sub-
jected to an external magnetic ﬁeld.
ª 2015 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).1. Introduction
The ﬂow problem in porous tubes/channels has been receiving
attention of researchers in recent years because of its various
applications in biomedical engineering, for example in the dial-
ysis of blood in artiﬁcial kidney, in the ﬂow of blood through
capillaries, in the ﬂow in oxygenators, as well as in many other
engineering areas such as in the design of ﬁlters and the porous
pipes, in transpiration cooling boundary layer control and inthe studies of gaseous diffusion problems. In boundary layer
control, the decelerated ﬂuid particles in the boundary layer
are removed through slits in the wall into the interior of the
body. Separation can be prevented through sufﬁciently strong
suction or by supplying additional energy to the ﬂuid particles
which are being retarded in the boundary layer. Also in sepa-
rating U235 from U238 by gaseous diffusion, the uranium is ﬁrst
converted to the gas UF6. By pressure gradient, the gas is then
forced through a porous wall. The difference in the molecular
weights causes differences in the rates of diffusion through the
porous material. Furthermore, blowing is used to add reac-
tants, prevent corrosion and reduce drag. Also, suction is help-
ful to remove reactants in chemical processes. Several studies
Nomenclature
ðn; gÞ non-dimension co-ordinates
r electrical conductivity
q density of the ﬂuid
m kinematic viscosity
B0 strength of the applied magnetic ﬁeld
H half width of the channel
ðu; vÞ velocity components along x and y directions
respectively
T temperature
K thermal diffusivity of the ﬂuid
A suction parameter
Re Reynolds number
M Hartman number
Pr Prandtl number
1244 A. Sinhahave been carried out by previous authors for the ﬂow of a
Newtonian ﬂuid in a porous channel.
In recent years, especially with the emergence of polymer
industry, petroleum industries and other types of pulp indus-
tries, the non-Newtonian ﬂuids have became very much impor-
tant. Due to complexity of non-Newtonian ﬂuids, it becomes
difﬁcult to suggest a single model which exhibits all properties
of non-Newtonian ﬂuids; therefore, various empirical and
semiempirical models have been proposed. Non-Newtonian
ﬂuids can mainly be classiﬁed into two classes such as differen-
tial type ﬂuids and rate type ﬂuids. Among these two classes,
the differential type ﬂuids have received great attention from
scientists and engineers. A second order ﬂuid is one of the most
acceptable ﬂuids in this subclass of non-Newtonian ﬂuids. This
is because of its mathematical simplicity in comparison with
third order and fourth order ﬂuids. However, there are studies
available in the literature in which the authors have success-
fully treated the challenging nonlinear equations governing
the ﬂow of a third order ﬂuid (cf. [1–7]). Choi et al. [8] studied
the hydrodynamic Maxwell ﬂuid in a porous channel. Tripathi
[9] studied peristaltic ﬂow of couple-stress ﬂuid in a porous
channel. Kaviany [10] analyzed laminar ﬂow in a porous chan-
nel bounded by isothermal parallel plates.
The application of magneto-hydrodynamic principles is one
method for affecting the ﬂow ﬁeld in a desired direction by
altering the structure of the boundary layer. In fact, the appli-
cation of MHD principles to biology and medicine has been
receiving growing interest of physiologists, medical practition-
ers and ﬂuid dynamicists, owing to its importance in biomed-
ical engineering as well as in the treatment of various
pathological conditions.
Vardanyan [11] explored the potential use of MHD princi-
ples in the prevention and rational therapy of arterial hyper-
tension. He reported that a magnetic ﬁeld applied in a
direction transverse to an artery bears the potential to alter
the ﬂow rate of blood. While investigating the effect of a mag-
netic ﬁeld on the apparent viscosity of human blood, Haik
et al. [12,13] observed that blood viscosity is signiﬁcantly
affected by the action of a strong magnetic ﬁeld. This can be
attributed to the variation in the orientation of the erythro-
cytes due to the action of the magnetic ﬁeld.
It now turns out that the hydrodynamic changes in the ﬂow
of blood can take place due to certain external factors. It is
known from the study of magnetohydrodynamics that when
a transverse magnetic ﬁeld is applied externally to an electri-
cally conducting ﬂuid, electric currents are induced in the ﬂuid.
The interaction between these induced currents and the applied
magnetic ﬁeld produces a body force (Lorentz force) which
tends to retard the movement of the ﬂuid. Since blood is anelectrically conducting ﬂuid, the motion of blood is expected
to be controlled by applying a magnetic ﬁeld. Thus studies
concerned with the effects of a magnetic ﬁeld on the ﬂow char-
acteristics of blood are of profuse interest to physiologists and
clinicians. A theoretical analysis for the ﬂow of blood in
ascending and descending aortic segments in the presence of
a magnetic ﬁeld was performed by Kinouchi et al. [14]. It
was observed by Fukuda and Kaibara [15] as well as Stoltz
and Lucius [16] that under certain conditions, blood exhibits
viscoelastic behavior which may be attributed to the viscoelas-
tic properties of the individual erythrocytes and the internal
structures formed by cellular interactions.
Due to non-linear dependence, the analysis of the ﬂow
behavior of non-Newtonian ﬂuids presents exciting challenges
to engineers, mathematicians and physicists alike. The equa-
tions that govern the ﬂow of non-Newtonian ﬂuids are of
higher order [17,18], much more complicated and subtle in
comparison with Newtonian ﬂuids. But there is not a single
constitutive equation that can describe the ﬂow characteristics
of all the non-Newtonian ﬂuids. Because of the complex micro-
structure of ﬂuids, various models have been proposed to pre-
dict the non-Newtonian behavior. Several investigators [19–29]
tried to get the solutions under different physical aspects.
Mathematical modeling of blood ﬂow in a channel with
stretching walls was performed by Misra et al. [30,31] by treat-
ing blood as a non-Newtonian viscoelastic ﬂuid. In a separate
communication, Misra et al. [32] presented a mathematical
analysis for the electrical and magnetic ﬁelds in osseous tissues
induced due to the propagation of torsional waves. The anal-
ysis was carried out by paying due attention to the piezoelec-
tric behavior of osseous tissues, in conformity to
experimental reports. Misra et al. [33,34] also investigated
the steady ﬂow of an electrically conducting ﬂuid in a parallel
plate channel in the presence of a uniform transverse magnetic
ﬁeld. A numerical model was formulated and analyzed by
Misra and Shit [35] with the motivation of studying the ﬂow
of blood through arteries under the action of a transverse mag-
netic ﬁeld. All these studies bear the potential of useful appli-
cations in biomedical engineering and clinical medicine.
Modelling of hyperthemia-induced temperature distribu-
tion requires an accurate description of the mechanism of heat
transfer. It is reported in [36] that blood ﬂow affects the ther-
mal response of living tissues. The heat exchange between liv-
ing tissues and blood that passes through it depends on the
geometry of the blood vessels and the ﬂow variation of blood.
Craciunescu and Clegg [37] studied the effect of oscillatory
ﬂow upon the resulting temperature distribution of blood
and convective heat transfer in rigid vessels. The importance
of different types of blood vessels in the process of bio-heat
MHD ﬂow and heat transfer of a third order ﬂuid 1245transfer has been intensively studied by Weinbaun et al. [38]
and Jiji et al. [39]. Cavaliere et al. [40] and his co-workers
examined application of heat to human tumors in the extrem-
ities by local perfusion with warm blood. Shitzer and Eberhart
[41] presented various theoretical frameworks that can be used
to estimate heat transfer from an external or internal source to
a tissue. They predicted resulting temperature distributions in
normal tissues of various mammals during hyperthemia. This
information is important for improving tumor detection by
designing heating protocols for hyperthermic treatment.
It is noticed that MHD ﬂow of third order ﬂuid and heat
transfer over a permeable stretching sheet has not been con-
ducted so far. The present research is an attempt in this direc-
tion that bears the promise of useful applications in clinical
sciences. It also bears the potential of signiﬁcant applications
in different problems of biomedical engineering. In addition
to these, being primarily a study on a problem of third order
ﬂuid ﬂow and heat transfer over a stretching sheet, it will ﬁnd
some important applications in various industrial manufactur-
ing processes that involve interaction of the stretching sheet
ﬂow with heat transfer in the presence of magnetic ﬁeld.
The inﬂuence of various parameters, such as Reynolds
number, Hartman number and Prandtl number has been
examined. The results are presented in graphical form. The
graphs highlight the velocity and temperature distribution of
blood ﬂowing in a porous artery under various situations. By
analyzing the graphs, it has been possible for us to make sev-
eral important predictions. The results indicate very clearly the
threshold value of the magnitude of the magnetic ﬁeld strength
that should be exposed to the human body. The results of the
study are supposed to be of profound importance to medical
surgeons in their endeavor to regulate blood ﬂow during
surgery.
2. The problem
Let us consider the two-dimensional ﬂow of a third order ﬂuid
in a porous channel, under the action of a magnetic ﬁeld. In
the mathematical analysis that follows, we use Cartesian coor-
dinates (x; y), where the x-axis is taken along the center line of
the channel (cf. Fig. 1), parallel to the channel surface and y-
axis in the transverse direction. The ﬂow is considered symmet-
ric about the x-axis and is driven by the stretching of the chan-
nel walls such that velocity of each wall is proportional to the
axial coordinate x. The porous walls of the channel are atx
y
o
B B B B000 0
y=0
y=H
Figure 1 Schematic representation of the model geometry.y ¼ H and y ¼ H (H is the half-width of the channel. The
ﬂuid injection or extraction takes place through the porous
walls with velocity V. Here V > 0 corresponds to suction
and V < 0 to injection. The schematic diagram of the ﬂow
problem is presented in Fig. 1.
Let u and v be the velocity components along the axes of x
and y, respectively and B0 is the applied magnetic ﬁeld. For
third order ﬂuid the constitutive equation for Cauchy stress
tensor T may be written as (cf. [3,4])
T ¼ pIþ lA1 þ a1A2 þ a2A21 þ S; ð1Þ
where S ¼ b1A2 þ b2ðA1A2 þ A2A1Þ þ b3ðtrA21ÞA1; p is the
pressure, I the identity tenser, l the dynamic viscosity,
aiði ¼ 1; 2Þ and bj (j= 1–3) the material constants. The
Rivlin–Ericksen tensors are deﬁned (cf. [3,4]) by
An ¼ dAn1
dt
þ An1ðgrad VÞ þ ðgrad VÞTAn1; nP 1 ð2Þ
where d/dt denotes material differentiation and A0 ¼ I. For
two-dimensional ﬂow, the velocity ﬁeld is speciﬁed by the
equation
V ¼ ðuðx; yÞ; vðx; yÞ; 0Þ: ð3Þ
The governing equations for a third order, electrically conduct-
ing incompressible ﬂuid in the presence of a uniform magnetic
ﬁeld are expressed as follows:
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in which q is density, p is pressure, m is kinematic viscosity,
a1; a2; b2 and b3 are material moduli, J is the current density
and total magnetic ﬁeld B ¼ B0 þ b, b being the induced mag-
netic ﬁeld. The last term on the right-hand side of Eq. (4) is the
ponderomotive force Fpond on the conducting ﬂuid due to the
interaction of J and B. The Eqs. (4) and (5) are to be coupled
with Maxwell’s equations together with Ohm’s law (neglecting
the displacement and Hall currents) given by
r  B ¼ 0; r B ¼ leJ; r E ¼ 
@B
@t
ð6Þ
J ¼ rðr/1 þ V BÞ ð7Þ
where Eð¼ r/1Þ and le denote respectively the electric ﬁeld
and the magnetic permeability (assumed to be constant); r is
the electric conductivity. The induced magnetic ﬁeld is being
neglected here. This is a valid assumption for cases where
the magnetic Reynolds number is small. Moreover, the electric
ﬁeld due to polarization of charges is also negligible in the pre-
sent case. Also, for an electrically insulated body/system the
electric potential /1 is constant, so that E ¼ 0
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Considering divergence of Eq. (7), we have
r2/1 ¼ r  ðV BÞ ¼ B  ðr  VÞ ð8Þ
The conservation of electric charges r  J ¼ 0 gives
Jz=constant, Jz being z-component of J. For non-conducting
channel Jz would be equal to zero. With this consideration,
Eq. (7) yields
@/1
@z
¼ ðV BÞ  ez ð9Þ
Since B ¼ B0ez, the right-hand side of Eq. (9) vanishes and we
get @/1
@z
¼ 0.
Thus E ¼ 0.
The electromagnetic force is given by
Fpond ¼ 1q J B ¼
r
q
ðV BÞ  B ¼ nV ð10Þ
in which n ¼ rqB0.
Since the ﬂow is symmetric about axis of the channel, we
have
@u
@y
¼ v ¼ 0; at y ¼ 0 ð11Þ
Since walls of the channel are stretchable and also since
ﬂuid injection/suction takes place through the porous walls
of the channel with the velocity V, we get the following bound-
ary conditions
u ¼ cx; v ¼ V at y ¼ H ð12Þ
where c is a constant of proportionality.
The following dimensionless variables will now be
introduced.
n ¼ x
H
; g ¼ y
H
; u ¼ cxf 0; v ¼ cHf ð13Þ
It may be noted that the continuity Eq. (5) is automatically
satisﬁed.
In terms of the non-dimensional variables (13), the Eq. (4)
reads
f 000 þ Reðff 00  f 02Þ M2f 0 þ 1ð2f 0f 000  ff ivÞ  ð31 þ 22Þf 002
þ 6/f 002f 000 ¼ 0 ð14Þ
where the Reynolds number Re ¼ H2cm , the square of the
Hartman number M2 ¼ rB20H2l , 1 ¼ ca1l , 2 ¼ ca2l and
/ ¼ c2n2ðb2þb3Þl .
With the use of transformation (13), the boundary condi-
tions (11) and (12) become
f 00ðgÞ ¼ fðgÞ ¼ 0 at g ¼ 0 ð15Þ
and
f 0ðgÞ ¼ 1 and fðgÞ ¼ A at g ¼ 1 ð16Þ
where A ¼ V
cH
.
3. Perturbation analysis
Considering the non-dimensional parameters 1, 2 and / to be
small, we apply a perturbation expansion approach by writingf ¼ f0ðgÞ þ 1f1ðgÞ þ 21f2ðgÞ þ    ð17Þ
Substituting this into the Eq. (6), equating coefﬁcients of like
powers of 1 and ignoring the quadratic and higher power of
1, we obtain
f0000 þ Reðf0f000  f020 Þ M2f00 þ 22f0020 þ 6/f0020 f0000 ¼ 0 ð18Þ
and
f 000 þ Reðf1f000 þ f0f001  2f00f01Þ M2f01  42f000f001 þ 6/f0020 f0001
þ 12/f000f0000 f001
¼ f0fiv0  2f00f0000 þ 3f0020 ð19Þ
Using (17) in (15) and (16), the boundary conditions for f0
and f1 become
f0ð0Þ ¼ f000ð0Þ ¼ 0 and f0ð1Þ ¼ A; f00ð1Þ ¼ 1 ð20Þ
and
f1ð0Þ ¼ f001ð0Þ ¼ f1ð1Þ ¼ f01ð1Þ ¼ 0 ð21Þ
The foregoing system of equations arising out of the prob-
lem of MHD third order ﬂuid ﬂow past a stretching surface
under consideration does not admit an exact analytical solu-
tion. We have, therefore, developed a numerical method suit-
able for solving the said equations.
4. Heat transfer problem
Using the boundary layer approximation, the heat transfer
equation can be written as
u
@T
@x
þ v @T
@y
¼ K @
2T
@y2
ð22Þ
(by neglecting viscous and ohmic dissipation), where Tðx; yÞ is
the temperature at any point and K is the thermal diffusivity of
the ﬂuid. The boundary conditions for heat transfer are taken
to be
@T
@y
¼ 0 at y ¼ 0 ð23Þ
T ¼ Tw at y ¼ H ð24Þ
where Tw is a constant and represents the temperature at the
porous walls of the channel.
Now the non-dimensional temperature variable is
h ¼ T
Tw
ð25Þ
Using (13) and (25), the Eqs. (22)–(24) can be rewritten in
the form
h00 þ RePrfh0 ¼ 0 ð26Þ
h0ðgÞ ¼ 0 at g ¼ 0 ð27Þ
hðgÞ ¼ 1 at g ¼ 1 ð28Þ
where Pr ¼ mK is the Prandtl number.
It is worthwhile to mention that as in the case of velocity
distribution, the Eq. (22) that governs the temperature distri-
bution also admits of a similarity solution.
After fðgÞ is determined by solving the Eqs. (18) and (19),
the Eq. (26) is solved numerically subject to the boundary con-
ditions (27) and (28) by using a suitable numerical method.
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5. Numerical method
The system of coupled non-linear ordinary differential Eqs.
(18) and (19) along with the boundary conditions (20) and
(21) has been solved numerically by developing a numerical
method outlined below. We use Newton’s linearization method
after discretizing the equations. The essential feature of this
method is that it is based on a ﬁnite difference scheme, which
has better stability characteristics and is quite efﬁcient. It is
found to yield sufﬁciently accurate results. The ﬁnite difference
technique leads to a system which is tri-diagonal and therefore
has speedy convergence. Moreover, it brings about economical
memory space to store the coefﬁcients. The computational
work has been carried out by taking dg ¼ 0:0125. We have
examined that further reduction in dg does not produce any
signiﬁcant change in the computed results. This ensures the
stability of our numerical procedure. The ﬁnite difference
scheme that we have developed is brieﬂy described below.
Substituting f00 ¼ P in (18) and (20), we get
P00 M2Pþ Reðf0P0  P2Þ þ 22P02 þ 6/P02P00 ¼ 0 ð29Þ
and
f0ð0Þ ¼ P0ð0Þ ¼ 0; Pð1Þ ¼ 1; f0ð1Þ ¼ A: ð30Þ
Similarly, substituting f01 ¼ G in the Eqs. (19) and (21), we ﬁnd
G00 M2Gþ Reðf0G0 þ f1f000  2f00GÞ  42f000G0 þ 6/f0020 G00
þ 12/f000f0000 G0
¼ f0fiv0 þ 3f0020  2f00f0000 ð31Þ
and
f1ð0Þ ¼ G0ð0Þ ¼ Gð1Þ ¼ f1ð1Þ ¼ 0: ð32Þ
Using the central difference scheme for derivatives with respect
to g, we can write
ðQ0Þi ¼
Qiþ1 Qi1
2dg
þOððdgÞ2Þ ð33Þ
and
ðQ00Þi ¼
Qiþ1  2Qi þQi1
ðdgÞ2 þOððdgÞ
2Þ; ð34Þ
where Q stands for P or G, i is the grid index in g-direction
with gi ¼ i  dg, i = 0, 1, . . . , m and dg is the increment along
the g-axis. Newton’s linearization method has been applied to
linearize, the discretized equations as indicated below.
When the values of the dependent variables at the n th iter-
ation are known, the corresponding values of these variables at
the next iteration are obtained by using the equation
Qnþ1i ¼ Qni þ ðDQiÞn ð35Þ
in which ðDQiÞn represents the error at the nth iteration,
i ¼ 0; 1; 2; . . . ; n.
6. Computational results and discussion
The perturbation method and the numerical procedure out-
lined in Sections 3 and 5 have been employed to solve thedifferential Eqs. (18), (19) and (26) subject to the boundary
conditions (20), (21), (27) and (28). Our endeavor here has
been conﬁned to obtaining numerical estimates of the ﬂow
parameters in the case of blood ﬂow in porous artery. It is
worthwhile to mention here that although blood ﬂow in arter-
ies is basically a three-dimensional problem, in some segments
of the circulatory system and in certain situations, a two-
dimensional analysis performed by considering channel ﬂow
gives fairly satisfactory results. Let us consider that the artery
is under the inﬂuence of a strong magnetic ﬁeld of strength
B0 = 8 T (Tesla). This was the magnetic ﬁeld strength used
by Higashi et al. [42] in their experimental study on the orien-
tation of erythrocytes in blood subjected to a strong magnetic
ﬁeld. Further, in ﬁnding the estimates, we have taken blood
density, q ¼ 1050 kg=m3 and electrical conductivity of blood,
r ¼ 0:8 s=m.
With an aim to validate our numerical model, we have com-
pared our results for the axial velocity distribution with those
reported earlier by Misra et al.[30] who carried out a similar
study under the some simplifying assumptions. We notice that
the results of the present study are in excellent agreement with
those reported by Misra et al. [30] (cf. Fig. 2).
The numerical results estimated by us on the basis of the
present study are presented graphically in Figs. 3–12. These
ﬁgures illustrate the variation of the axial and transverse veloc-
ities and the variation of temperature proﬁle in the ﬂow of
blood, with change in Reynolds number Re, Hartman number
M, suction parameter A, Prandtl number Pr and the non-
dimensional parameters / and 1.
Figs. 3–7 present the variation of the velocity in the axial
direction, for different values of M= (0, 1.0, 2.0, 4.0),
Re= (0, 2.0, 4.0, 5.0), A= (0.0, 0.2, 0.4, 0.6), /= (0.0,
0.02, 0.04, 0.06) and 1 = (0.0, 0.05, 0.1). Fig. 3 reveals that
when Hartman number M increases, initially the axial velocity
decreases up to a certain height of the channel, beyond which it
increases. This observation agrees with the theory, because
with the increase in Hartmann number M, Lorentz force
increases. It is known that the Lorentz force opposes the ﬂow.
Thus as the magnetic ﬁeld intensity increases, the ﬂow of blood
will be impeded. It is also noted from the ﬁgure that the ﬂow
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M, when Re ¼ 5:0;A ¼ 0:6;/ ¼ 0:01; 1 ¼ 0:001 and 2 ¼ 0:1.
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Figure 9 Effect of Re on the transverse velocity proﬁle f when
M ¼ 3:0;A ¼ 0:6;/ ¼ 0:01; 1 ¼ 0:001 and 2 ¼ 0:1.
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MHD ﬂow and heat transfer of a third order ﬂuid 1249separates in a region adjacent to the upper wall. It is observed
from Fig. 4 that as Reynolds number increases, the axial veloc-
ity enhances up to a certain vertical distance, beyond which it
decreases with rise in Re. It is also seen that for large Re, the
ﬂow shows a separation tendency in the adjoining region of
the upper wall. Distribution of the axial velocity for different
values of suction parameter A can be seen from Fig. 5. The ﬁg-
ure indicates that axial velocity decreases as A increases. It is
also noted that for any value of A, axial velocity increases
along the height of the channel. Figs. 6 and 7 give the distribu-
tion of axial velocity for different values of the parameters /
and 1. Fig. 6 reveals that when / increases, initially the axial
velocity decreases up to a certain height of the channel, beyond
which it increases. Fig. 7 shows that for 1 > 0, the axial veloc-
ity initially increases up to a certain height of the channel, after
then it decreases but for 1 ¼ 0:0, the axial velocity increases
monotonically throughout the channel.
Figs. 8–10 illustrate the nature of variation in the distribu-
tion of transverse velocity with changing values of differentparameters. From Fig. 8, we see that the transverse velocity
component decreases with the increase in Hartman number
M. It is also important to note that for a ﬁxed value ofM, nor-
mal velocity initially decreases up to a certain height of the
channel, beyond which it increases. The effects of Reynolds
number Re and suction parameter A on the transverse velocity
proﬁle can be observed from Figs. 9 and 10. For a ﬁxed value
of M, the transverse velocity decreases monotonically with the
increase in Reynolds number/suction parameter.
Figs. 11 and 12 give some characteristic temperature pro-
ﬁles for different values of Hartman number M and Prandtl
number Pr. Fig. 11 reveals that the temperature decreases as
Hartman number increases. The thermal boundary layer thick-
ness of the blood capillary increases for increasing value of M.
This can be attributed to the inﬂuence of Ohmic heating due to
magnetic ﬁeld in the ﬂow. It is also noted that for any value of
Hartman number, temperature is maximum at the upper wall.
Fig. 12 demonstrates the effect of Prandtl number (Pr) on tem-
perature proﬁle in the boundary layer. It is seen that the effect
Table 1 Numerical values of local skin friction coefﬁcient
Re1=2x Cfx for different values of physical parameters.
M A / 1 Re Re1=2x Cfx
2.0 0.4 0.01 0.001 5.0 1.763349
3.0 0.4 0.01 0.001 5.0 2.731275
2.0 0.6 0.01 0.001 5.0 2.066910
2.0 1.4 1.02 0.001 5.0 1.643436
2.0 0.4 0.01 0.005 5.0 2.569772
2.0 0.4 0.01 0.001 5.0 1.721063
Table 2 Numerical values of local Nusselt number Re1=2x Nux
for different values of physical parameters.
M Re Pr 1 / Re1=2x Nux
2.0 5.0 1.0 0.001 0.01 0.3217253
3.0 5.0 1.0 0.001 0.02 0.3271386
2.0 2.0 1.0 0.001 0.01 0.1710490
2.0 5.0 0.7 0.001 0.01 0.2359627
2.0 5.0 1.0 0.005 0.01 0.3184364
2.0 5.0 1.0 0.001 0.02 0.3283954
1250 A. Sinhaof Prandtl number is to decrease the temperature of the bound-
ary layer. This is because of the fact that the thermal boundary
layer thickness decreases with increase in Prandtl number.
On the basis of the present study, we can also compute the
local friction coefﬁcient deﬁned by
Cfx ¼
2sw
qðcxÞ2 ¼ 2
ðsxyÞy¼H
qðcxÞ2
¼ Re1=2x 2ð1 31Þf 00ð1Þ þ 12/f 003ð1Þ
  ð36Þ
where Rex ¼ cxHm .
The numerical values of local skin friction coefﬁcient for
different sets of parameters are presented in Table 1. Here
the magnitude of skin friction coefﬁcient increases with the
increase of second grade parameter 1, Hartmann number
M, suction parameter A and Reynolds number Re whereas it
decreases with the increase of third grade parameter /.
Another important characteristic of the present study is
local Nusselt number Nux, deﬁned as
Nux ¼ xqw
KTw
¼
xK @T
@y
 	
y¼H
KTw
¼ Re1=2x h0ð1Þ ð37Þ
The value of h0ð1Þ on the stretching wall, computed on the
basis of the present study is presented in Table 2. From this
table, one can have an idea of the variation in local Nusselt
number for different values of Hartmann number M,
Reynolds number Re, Prandtl number Pr, second grade
parameter 1 and third grade parameter /. This table shows
that increase in M=Re=Pr=/, enhances the local Nusselt num-
ber, while increase in third grade parameter leads to reduction
in local Nusselt number.7. Concluding remarks
The magnetohydrodynamic ﬂow of blood has been the con-
cern in this study. The solution to the nonlinear equations that
govern the ﬂow is obtained by using perturbation analysis and
by developing a suitable numerical method. Analytical solu-
tions for the hydrodynamic case, disregarding inertia effects
and ﬂuid viscosity can be obtained as a limiting case by choos-
ing M ¼ 0;Re ¼ 0 and / ¼ 1 ¼ 2 ¼ 0.
Magnetic/electromagnetic ﬁeld therapies have gained sufﬁ-
cient popularity in recent years. They are particularly used to
relieve pain and also to accelerate fracture healing in bones.
These therapeutic procedures have also been employed to
accelerate the ﬂow of blood and also to treat various health
disorders such as arthritis in humans. This study conﬁrms that
application of magnetic ﬁeld is also very useful to regulate
blood ﬂow, particularly during surgery.
The present study is particularly motivated towards exam-
ining the ﬂow of blood in the aortic arch due to multi-fold rea-
sons. The aorta is the largest blood vessel in the human body
and the velocity of blood is greatest in the aorta. Also, blood
ﬂow through the aortic arch takes place almost perpendicu-
larly to the magnetic ﬁeld lines. The present study bears the
potential to examine the change that takes place in blood
velocity, as the magnetic ﬁeld strength (M), Reynolds number
(Re), suction parameter (A), Prandtl number (Pr) and param-
eters / and 1 change.
The investigation reveals very clearly that blood velocity
can be controlled by suitably adjusting (increasing/decreasing)
the magnetic ﬁeld strength. The results presented should be of
sufﬁcient interest to surgeons who usually want to keep the
rate of blood ﬂow at a desired level during the entire surgical
procedure.Acknowledgment
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implicit double precision (a-h, o-z)
double precision h, large, ep, k1, ep1, M
dimension f(0:852), f0(0:852), a(0:852), b(0:852)
dimension c(0:852), d(0:852), z(852), f3(0:852), u(0:852)
dimension f1(0:852), g(0:852), fd(0:852), p(0:852)
open(22, ﬁle = ‘fep3.dat’)
open(23, ﬁle = ‘fdep3.dat’)
h = 0.005
n = 1.0/h
Re = 5
M= 3.0
ep1 = 0.1
MHD ﬂow and heat transfer of a third order ﬂuid 1251ep2 = ep1
phi = 0.01
A1 = 0.6
c Initial condition
do i = 0, n
g(i) = 0.0
f0(i) = 0.0
f1(i) = 0.0
p(i) = 0.0
f3(i) = 0.0
end do
it = 0
c Boundary conditions
10 f(0) = 0.0
f(n) = A1
f0(0) = 0.0
f0(n) = A1
p(0) = f0(1)/
h c p(0) = p(1)
p(n) = 1.0
f1(0) = 0.0
f1(n) = 0.0
g(0) = f1(1)/h
c g(0) = g(1)
g(n) = 0.0
c calculation of dp and f0. do i = 1, n  1
a(i)=2.0 * h ** 2-Re * h ** 3 * f0(i)-ep2 * h
** 2 * (p(i + 1)  p(i  1))
1 + 3.0 * phi * (p(i + 1)  p(i  1)) ** 2
b(i) = 4.0 * h ** 2  2.0 * Re * p(i) * h **
4  2.0 * M ** 2 * h ** 4
1 6.0 * phi * (p(i + 1)  p(i  1)) ** 2
c(i) = 2.0 * h ** 2 + Re * h ** 3 * f0(i)+ep2 * h **
2 * (p(i + 1)  p(i  1))
1 +3.0 * phi * (p(i + 1)  p(i  1)) ** 2
d(i) = b(i) * p(i)  a(i) * p(i  1)  c(i) * p(i + 1)
end do
call Thomas (a, b, c, d, z, n)
do i = 1, n  1
p(i) = p(i) + z(i)
end do
do i = 1, n  1
a(i) = 1.0
b(i) = 2.0
c(i) = 1.0
d(i) = (h * (p(i + 1)  p(i  1)))/2.0
end do
d(1) = d(1)  a(1) * f0(0)
d(n  1) = d(n  1)  c(n  1) * f0(n)
call Thomas (a, b, c, d, z, n)
do i = 1, n  1
f0(i) = z(i)
end do
c ====== calculation of f1 ========
do i = 1, n  1
u(i) = (f0(i + 1)  2.0 * f0(i) + f0(i  1))/(h * h)
end do
u(0) = 0.0
u(n) = (2.0 * (f0(n-1)+A1 + h ** 2))/h ** 2
do i = 1, n  1
a(i) = 2.0-Re * f0(i) * h + 2.0 * ep2 * u(i) * h +
12.0 * phi * u(i) * u(i)
1 6.0 * phi * u(i) * (u(i + 1)  u(i  1))
b(i) = 4.0  2.0 * h * h * M ** 2  4.0 * Re * h **
2 * p(i)  24.0 * phi * u(i) ** 2
c(i) = 2.0 + Re * f0(i) * h  2.0 * ep2 * u(i) * h +12.0 * phi * u(i) * u(i)
1 +6.0 * phi * u(i) * (u(i + 1)  u(i  1))
d(i) = 2.0 * f0(i) * (u(i + 1)  2.0 * u(i) + u(i  1))
 2.0 * dx * p(i)
1 *(u(i + 1)  u(i  1)) + 6.0 * h ** 2*u(i) ** 2  2.0
* h ** 2 * Re * u(i) * f1(i)
end do
d(1) = d(1)  a(1) * g(0)
d(n  1) = d(n  1)  c(n  1) * g(n)
call Thomas (a, b, c, d, z, n)
do i = 1, n  1
g(i) = z(i)
end do
do i = 1, n  1
a(i) = 1.0
b(i) = 2.0
c(i) = 1.0
d(i) = (h * (g(i + 1)  g(i  1)))/2.0
end do
d(1) = d(1)  a(1) * f1(0)
d(n  1) = d(n  1)  c(n  1) * f1(n)
call Thomas (a, b, c, d, z, n)
do i = 1, n  1
f1(i) = z(i)
end do
do i = 0, n
f(i) = f0(i) + ep1 * f1(i)
end do
ep = 0.0
it = it + 1
do i = 1, n  1
large =abs(f(i)  f3(i))
if (large.gt.ep) ep = large
f3(i) = f(i)
end do
if(ep.gt.0.000,001) goto 10
do i = 1, n  1
fd(i) = (f(i + 1)  f(i  1))/(2.0 * h)
c fd(i) = p(i) + ep1 * g(i)
end do
c fd(0) = f(1)/(2.0 * h)
fd(n) = 1.0
fd(0) = fd(1)
do i = 0, n
write(22, *) i * h, f(i)
write(23, *) i * h, fd(i)
end do
write(22, *) ‘ ’
write(23, *) ‘ ’
stop
end
c subroutine for Thomas Algorithm
subroutine Thomas (a, b, c, d, z, n)
implicit double precision (a-h, o-z)
dimension a(0:852), b(0:852), c(0:852), d(0:852), z(852)
c(1) = c(1)/b(1)
d(1) = d(1)/b(1)
do 57 i = 2, n  1
c(i) = c(i)/(b(i)  a(i) * c(i  1))
d(i) = (d(i)  a(i) * d(i  1))/(b(i)  a(i) * c(i  1))
57 continue
z(n  1) = d(n  1)
do 58 i = n  2, 1, 1
z(i) = d(i)  c(i) * z(i + 1)
58 continue
return
end
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